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Abstract 

We investigate AdS/CFT correspondence for two families of Einstein black 
^~^' holes in d > 4 dimensions, modelling the boundary CFT by a free conformal 

r~| , scalar field and evaluating the boundary two-point function in the bulk geodesic 

approximation. For the d > 4 counterpart of the nonrotating BTZ hole and for its 
Z2 quotient, the boundary state is thermal in the expected sense, and its stress- 
energy reflects the properties of the bulk geometry and suggests a novel definition 
Cd I for the mass of the hole. For the generalised Schwarzschild-AdS hole with a flat 

horizon of topology M'^"^, the boundary stress-energy has a thermal form with 
energy density proportional to the hole ADM mass, but stress-energy corrections 
from compactified horizon dimensions cannot be consistently included at least for 
d = 5. 
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1 Introduction 

In the study of AdS/CFT correspondence pj |2], much attention has focussed on sit- 
uations where the gravitational side is a black hole solution to an appropriate (su- 
per)gravity theory. The dual conformal field theory (CFT) is then expected to contain 
not only information about the causal structure of the black hole but also information 
about its quantum properties, in particular the Hawking temperature. While it is diffi- 
cult to address these questions strictly within the supergravity/CFT pairs in which the 
evidence for duality is the strongest [HISlIll, simphfied models that aim to capture as- 
pects of the correspondence have been analysed in various contexts El 13 IHl El HHl UH 

liailSllia 113 lIHllIIlliaiini 1201 ini 122 123 121 123 123 123 123 1211 ffl in certain 

situations a Wilson loop on the conformal boundary can be evaluated semiclassically 
from extremal world sheets in the bulk, relating critical phenomena in the boundary the- 
ory to the classical properties of the bulk black hole [d UHl 113 120] ■ In other situations 
it has been argued that a boundary two-point function can be evaluated semiclassically 
from bulk geodesies [13 CH 123 123 123 IH3 EIj , enabling one to relate the bulk geometry 
to properties of the boundary state that are recoverable from the two-point function. 

The purpose of this paper is to examine the boundary two-point function evaluated 
semiclassically from bulk geodesies in two families of locally asymptotically anti-de Sitter 
(AdS) Einstein black holes in d > 4 dimensions. One aim is to examine how consistently 
the boundary theory can be modelled by a free conformal scalar field: While a free 
boundary field has led to consistent results when the bulk is a black hole quotient of 
AdSa jHj, it has been argued that for more general black holes a better boundary model 
may be a high conformal weight field j2£,. A second aim is to examine quotients under 
discrete isometry groups. From the bulk point of view, such a quotient may have a 
reduced number of globally-defined isometries, and in some cases a time translation 
isometry may be broken in a way that cannot be detected from just the geometry of an 
asymptotic region [T21 CH E3 IHH IHij ■ From the boundary point of view the quotient 
introduces new geodesies that may contribute to the boundary two-point function, and 
these geodesies may probe deep bulk regions, in some cases even behind horizons jH]. 
It becomes thus important to understand in what circumstances such 'long' geodesies 
can, or indeed must, be included. 

We begin with quotients of AdS^ with d > 4 under a group generated by a single 
boost-like isometry [23 IS3 IS3 IHn] ■ These spacetimes are generalisations of the nonro- 
tating (2-|- l)-dimensional Banados-Teitelboim-Zanelli (BTZ) hole |4()|l41j. and we refer 
to them as the higher-dimensional BTZ holes (HD-BTZ holes). They are by construc- 
tion locally AdS and locally asymptotically AdS. They are black holes, but their exterior 
region does not have a global timelike Killing vector, the horizon is not stationary, and 
the infinity is not globally asymptotically AdS. The conformal infinity is connected and 
has the (conformal) metric dSd-2 x "S*^, where the circumference of the S^ is determined 
by the magnitude of the boost. 

For a free conformal scalar field, the global vacuum on the conformal boundary of 
AdSrf induces a state on the HD-BTZ boundary dSrf_2 x S^. This state turns out to be 



the Euclidean vacuum |42[ H3| ^^ for each Fourier mode on the circle, and we refer to 
it as the Euclidean vacuum. We show that a semiclassical evaluation by bulk geodesies 
reproduces the Euchdean vacuum Green's function, and including the 'long' geodesies 
is required for this agreement. The vacuum is thermal in the sense of the de Sitter 
temperature. We compute the difference in the stress-energy tensors in the Euclidean 
vacua on dSd_2 x S^ and dSrf_2 x M, showing that this difference decays exponentially 
in the size of the circle. The stress-energy also suggests a novel definition for the mass 
of the HD-BTZ hole via AdS/CFT: As the hole is not asymptotically stationary, an 
Arnowitt-Deser-Misner (ADM) mass is not available. 

We then repeat the analysis for a Z2 quotient of the HD-BTZ hole, analogous to the 
MP^ and MP^ geons constructed from respectively the Schwarzschild hole |HH| ^^ EHj 
and the nonrotating BTZ hole J2]- The reduced isometry group now singles out a 
foliation of the boundary (dSrf_2 x S^)/'Ij2 by spacelike surfaces. We find that the 
stress-energy contributions from this Z2 quotient vanish at late and early times in the 
distinguished foliation but dominate at intermediate times, and in the geodesic approx- 
imation the dominant stress-energy contribution at intermediate times comes from the 
'long' geodesies created by the Z2 identification. We also discuss briefly generalisations 
of the HD-BTZ holes in which the isometry generator is not a pure boost. 

Next, we turn to spacetimes obtained from the Schwarzschild-AdS family in rf > 4 
dimensions by replacing the round S'^^'^ by fiat M"'^^ |1H1 HEl HH UHl HHj- These gener- 
alised Schwarzschild-AdS spacetimes are locally asymptotically AdS but not of locally 
constant curvature. The conformal boundary consists of two copies of (d— l)-dimensional 
Minkowski space. We evaluate the Green's function on a single boundary component 
by the geodesic approximation to quadratic order in the coordinate separation, choos- 
ing a subtraction procedure compatible with the free scalar field Hadamard form. The 
stress-energy calculated from the boundary Green's function turns out to be that of a 
finite temperature free conformal field, the temperature agreeing with the black hole 
Hawking temperature up to a dimension- dependent numerical factor, and the energy 
density being proportional to the ADM mass of the hole. At this level, the geodesic 
method is thus consistent with modelling the boundary theory by a free conformal field 
even when the spacetime is not locally AdS. 

We then replace the fiat R'^"^ by fiat M.'^~^ x S^, so that the conformal boundary 
consists of two copies of {d — l)-dimensional Minkowski space with one periodic spatial 
dimension. Specialising to rf = 5, we evaluate the leading periodicity correction to the 
quadratic terms in the boundary Green's function in the limit of large period, finding 
that this correction does not satisfy the Klein-Gordon equation. Including the 'long' 
geodesies is thus not consistent with modelling the boundary theory by a free scalar 
field. We find a similar conclusion for a geon-type variant whose conformal infinity 
consists of a single copy of four-dimensional Minkowski space with one periodic spatial 
dimension. In both cases the 'long' geodesies probe the bulk in regions where the local 
geometry deviates significantly from AdS^. 

We use metric signature ( — \- -\ — ■ ). The quotient spacetimes of AdS^ are analysed 



in section |21 and the generalised Schwarzschild-AdS spacetimes in section |3] Section |3] 
presents concluding remarks. Certain technical issues are deferred to four appendices. 

2 Higher-dimensional BTZ holes and their general- 
isations 

In this section we consider quotient spacetimes of AdS^ with d > 4. Subsection 12.11 
reviews the HD-BTZ construction jHEl EZl EHl EHj ■ The boundary state is analysed in 
subsections 1221 Eini and EH Subsections 12.51 and 12.61 discuss respectively the further Z2 
quotient and inclusion of rotation. 

2.1 HD-BTZ quotients in the bulk and on the boundary 

Recall that AdS^, d> 2, can be defined as the hyperboloid 

-£2 = _(xO)' + {X^f + ■■■ + {X'^-'f - {X'^f (2.1) 

in M*^"^'^ with global coordinates (X") and the metric 

ds' = -(dX°)' + (dX^)' + ■ ■ ■ + (dX'^-i)' - (dX'^)' . (2.2) 

The positive parameter i sets the curvature scale. From now on we take d > 4. 

The HD-BTZ hole is the quotient of the region X*^ > jX'*"^! under the group gener- 
ated by exp(27rA_|_^), where ^ is the Kilhng vector 

and A+ is a positive parameter. The subregion that gives the hole exterior is — (X'')^ + 
(X^)^ + ■ ■ ■ + {X'^^'^y > 0, X'^ > 0. A convenient parametrisation of this subregion for 
our purposes is 



X° = £Vp2 _ X sinh(T) , (2.4a) 

X' = £v^p2 _ I cosh(T) x' , (2.4b) 

X'^-^ = epsmh{X+ip) , (2.4c) 

X^ = epcosh{X+ip) , (2.4d) 

where p > 1, i = 1, . . . ,d — 2 and x is a (rf — 2)-dimensional unit vector. The metric in 
the parametrisation ()2.4|1 reads 



ds' 



IP 



^ + ip'- l)d4 + A>M^^ 



;2.5a) 



where 

d^g := -dT^ + cosh^ T dfi^.g (2.5b) 

and dfi^_3 is the metric on unit S'^~^. ds^g fl2.5b|) is recognised as the global metric on 
(d — 2)-dimensional de Sitter space of unit curvature radius. As A+^ = d^, the HD-BTZ 
exterior is ()2.5j) with the identification (T,p,x,ip) ~ (T,p,x,ip + 2tt). The past and 
future horizons are located at p = 1. 

The exterior is connected and has spatial topology S'^"^ x S^. It has no globally- 
defined timelike Killing vectors, and the area of the event horizon is increasing in time. 
Further discussion of the global properties can be found in [^ EZj . 

The metric on hypersurfaces of constant p satisfies 

^^1p=const ~ ^VdScFT , P ^ OO , (2.6) 

where 

d4FT:=d4 + A^V • (2-7) 

We adopt ds^prp fl2.7|) as the representative of the conformal equivalence class of metrics 
at the infinity. This boundary at the infinity thus the product of [d — 2)-dimensional 
de Sitter space of unit curvature radius and a spacelike circle of circumference 27rA+. 

Suppose for the moment that (f were not periodic. In the coordinates (r, 6, x) defined 
by 

^2A,. ^ COST- cos ^ ^2.8a) 

cos r + cos 9 

tanhT = ^^ , (2.8b) 

smt^ 

the domain that corresponds to ()2.7|) would be the diamond 

V := |(r, 0,x) I \n/2 — 9\ < n/2 — |r|}, and the metric would read 

d-ScFT — I ■ la • 2 N '^'^ESU ' (2-9) 

(sm t' — sm r) 

where 

dslgu = -dr^ + d^2 + sin^^ m\_^ . (2.10) 

The metric ()2.10j) is recognised as the Einstein static universe metric on the conformal 
boundary of AdS^ [50 . On making </) periodic, equations ()2.7|) - ()2.10|) therefore show how 
the conformal boundary of the HD-BTZ hole is obtained as the quotient of the diamond 
T) on the conformal boundary of AdS^. We shall use this observation to characterise a 
vacuum state in subsection 12.21 

2.2 Euclidean vacuum on the boundary 

We consider a free conformal scalar field in the metric ()2.7|1 . We begin with nonperiodic 
(y9 and make y? periodic at the end of the subsection. 



As the Ricci scalar equals [d — 2){d — 3), the wave equation reads 

-WV,^+^-^^4> = . (2.11) 

Separating the (^-dependence as e*"^*^, m &R, gives on dSd_2 a wave equation with the 
effective mass squared term \{d — 3)^ + (m/A+) . We denote by Euclidean vacuum the 
vacuum whose positive frequency mode functions reduce to the dSrf_2 Euclidean vacuum 
positive frequency mode functions for each m ^ \ I43 | Elj . A normalised set of such mode 
functions is 



■'mnk 



2^/21 



^ e*'"'^(coshT)(=^-'')/Vmn(-tanhT)r„, , (2.12a) 



where Yn^ are the spherical harmonics on unit S"^'^ |511 13^ , the index n ranges over 
non-negative integers, the eigenvalue of the scalar Laplacian on S'^~^ is —n{n + rf — 4), 
the index k labels the degeneracy for each n, and 



1 ,. ,, ^ Viu — im/X< + l) 
■' ^ ' Yr(z/ + ^m/A+ + l) 



Pr/^+(x) + -Qr/^+(x) 



TT -" 



, (2.12b) 
v L \w ^ mil /\_|_ -t- ± I |_ /I J 

where PL™ ^ and QL™ ^ are the associated Legendre functions on the cut |2S1 and 



V 



n + };{d — h). The linear combination of P^ "*" and QL ^ in ()2.12b|) is determined 



by the analytic continuation properties [HI |5l] , as can be verified using the formulas in 
ISg, P- 168. 

By fl2.9p . the functions il^mnk '■= (sin^6' — sin^r) 4>mnk solve the conformal scalar 

field equation in the diamond T) in the Einstein static universe ()2.10|) . On analytic 
continuation outside P, it can be verified ([SH], P- 168) that ilJmnk are bounded in the 
lower half-plane in complexified r and hence purely positive frequency with respect to 
the Killing vector dr- This means that our Euclidean vacuum is the vacuum induced 
from the global vacuum on the conformal boundary of AdS^. 

To evaluate the Euclidean vacuum Green's function, we recall that the Euclidean 
vacuum Green's function G^ on dSd„2 for a scalar field with mass squared \{d — 3)^ + 
(m/A+) reads 



U^^ [I,x,I ,x) - 2(2^^)^^^2)75 U-^J i^_i+i„/A+l-^J ' 

(2.13) 
where the coordinates on dSd-2 are as in the first two terms in ()2.7|) . 

Z{T,x;T',x) := cosh(r) cosh(r')(x • x) - sinh(T) sinh(r') , (2.14) 

x-x' := Yli x^x'^ 1 and we have written the hypergeo metric function of |44] in terms of the 
associated Legendre function on the cut ^^. Formula ()2.13|1 assumes —1<Z<1, and 



an appropriate analytic continuation gives Gj^ for other values of Z ^3]. By Fourier 
analysis in ip, the Green's function in the metric ()2.7|1 thus reads 

1 f°° 



2{2nf-'^/' [cosh(A+Ay.) - Z{T, x; T, x>)] '^''^^'^ ' 

(2.15) 

where Ay? := ip — Lp' and we have evaluated the integral over m using 7.217 in [53]. 
The denominator in ()2.15|) is positive for Z < cosh(A+A(/9), and an appropriate analytic 
continuation gives G{T, x, ip; T', x', cp') for other values of Z. It can be readily verified 
that ()2.15|1 satisfies the wave equation 1)2.111) . Note that conformally transforming ()2.15j) 
to the Einstein static universe by ()2.7|) - ()2.10|) gives the Einstein static universe Green's 
function in the vacuum that is positive frequency with respect to dr- 

The Green's function fl2.15|) is periodic in T with period 2iTi. This can be under- 
stood as a consequence of the periodicity of the Euclidean vacuum Green's function on 
dSd-2 |Snj- By the contour deformation argument in [SZI, the response function of an 
inertial monopole particle detector at constant (p satisfies the Kubo-Martin-Schwinger 
(KMS) condition at temperature l/(27r), and our Euclidean vacuum is thus thermal in 
this sense. The contour deformation argument does however not generalise to an inertial 
particle detector that has velocity in the ip direction, and we have found no reason to 
expect the response of such a detector to be thermal. 

Finally, turn to the boundary of the HD-BTZ hole, where ip has period 27r. The 
separation constant m in the modes (pmnk ()2.12|) then becomes an integer. The complex 
analytic properties of the modes ipmnk on the Einstein static universe remain unchanged, 
and the Euclidean vacuum is still that induced from the global vacuum on the conformal 
boundary of AdS^. The Green's function is obtained from ()2.15|1 by the method of 
images, with the result 

r(¥) 

2{27rf-'^^'' ti^ {cosh[X+iAip + 27rk)]-ZiT,x;T,x')y 

The contour deformation argument of [HZj shows again that the response function of 
an inertial monopole particle detector at constant ip satisfies the KMS condition at 
temperature l/(27r). 

2.3 Boundary Green's function from bulk geodesies 



g("- "') - o.o-\(^i)/2 X E ,...., r .,,..1 ^-r, . ^, .,M (.^-3)/^ ■ ("6) 



In this subsection we show that the bulk geodesic approximation of [^ reproduces the 
Euclidean vacuum Green's function on the conformal boundary of the HD-BTZ hole. 

Recall that in the geodesic method one first assumes for an appropriate bulk Green's 
function the estimate 

Gbuik(y,y)~Pexp[-/iL(y,y')] , (2.17) 



where L{y, y') is the length of a (spacehke) geodesic connecting the bulk points y and y' , 
/i is a constant and P is a prefactor that is slowly varying in some suitable sense. When 
y and y' tend to two spacelike-separated points on the conformal boundary, L{y,y') 
diverges, but a finite remainder may be obtained via multiplicative renormalisation of 
()2.17|1 by a function of the hypersurfaces through which y and y' approach the conformal 
boundary. The aim is to interpret this remainder as a boundary Green's function of a 
conformal scalar field whose conformal weight depends on /i. 

Consider now AdS^ in the parametrisation ()2.4|) . take y = (T, p,x,ip), y' = 
(T', p, x', ip'), and let p ^ oo. Writing D := -{AX'^f + {AX^f + ■■■ + {AX'^-^f - 
{AX'^) , a direct computation gives 

:^^^ = _l+p2[cosh(A+Av.)-(l-p-^)Z(T,x;T',x')] , (2.18) 

where Z was defined in fl2.14|l . From the symmetries of AdSd it follows that the relation 
between D and the geodesic distance L is 

For /i > 0, (ITTHl) and ^IJ^i imply 

»-"'=(V)-"^— — — ^— — — ^x[l + 0(,-)] . (2.20) 

[cosh(A+A(/9) — Z[T, X] T', x')\ 

With the choice /i£ = i(d - 3), (jT^ thus gives 

^M, X p^'^^ e-^ — -> G(T, X, ^; T', x', ^') , (2.21) 

with G{T,x,ip;T',x',ip') given by ()2.15|1 . This shows that the geodesic approximation 
with fi£ = |((i — 3) reproduces the Euclidean vacuum Green's function on dSd„2 x I^- 
Taking the periodic sum in if reproduces the Euclidean vacuum Green's function on the 
boundary of the HD-BTZ hole. 

The geodesies involved in the result ()2.2H1 are real and spacelike for cosh(A4.A(y9) — 
Z{T,x;T',x') > 0, while for other values the geodesic approximation is understood in 
the sense of analytic continuation. As geodesies in de Sitter space have Z > —1 [SSI, it 
follows from the ds^g term in ()2.5a|) that the real spacelike geodesies for which Z < —1 
have to pass inside the HD-BTZ horizon. 

2.4 Boundary stress-energy 

In AdS/CFT correspondence, one expects boundary stress-energy to be related to the 
bulk mass, assuming a bulk mass can be independently defined. We now examine this 
issue for the HD-BTZ hole. 
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Consider the boundary. The symmetries of the metric ()2.7|) and the Green's function 
()2.16|) imply that the Euchdean vacuum stress-energy expectation value takes the form 
(T^^) = a{gAs)^^ + h\g^,y - (fl'ds)/,,,], where a and h are constants and {gdsjijiv is the 
de Sitter metric (j2.5bj) . To determine a and 6, one starts from the classical expression 
for T^y, which in our conventions reads [HH] 



d-l , , _ 1 
^" ~ 2(^-2)'^'^ '^'""2(^-2)^'^'^^ 



p°". 



'ip 'rtcr 



rf-3 , , (d-3) 



2 



+ ^7:r^[-^^'^ + 2(^dsU</>' . (2.22) 



2(^-2)'^'^'^'^ 8(d-2 

One point-splits ()2.22|) . reinterprets it in terms of the Green's function, and finally takes 
the coincidence limit after subtracting the divergent geometric part [^ . 

The main computational effort in this point-splitting would be in the divergent geo- 
metric part, which becomes increasingly complicated with increasing dimension. As our 
principal interest is in the A+-dependence of {T^u), we only evaluate AT^^,, the difference 
of (T^jy) between the spacetimes with periodic and nonperiodic ip. AT^,^ is the contribu- 
tion from the k ^ terms in ()2.16|1 and requires no renormalisation. A straightforward 
computation shows that the only nonvanishing components are 

^rr^T r(^) ^ (d - 3) cosh(27rfcA+) + (rf - 1) 

^ "4(rf-2)(2vr)(-i)/^l^ [cosh(2.a,)]('^^^^/^ ' ^ ^ ^ 

AT; = AT^(5} , (2.23b) 

AT^ = -(rf-2)ATf , (2.23c) 

where the indices in ()2.23b|l are on S'^~^. Note that AT^,y is traceless. 

Now, the energy density seen by an inertial observer at constant ip in the metric 
()2.7j) is E = Eq — AT^, where Eo is the A+-independent contribution from the k = 
term in ()2.16|) after renormalisation. In the limit of large A+, the dominant terms in 
()2.23a|) are those with A; = ±1, and we find 

P P ("~3)r(-^j (^_3)^;^ fo 0A\ 

^ ^'-4{d- 2)vr('^-i)/2 " ■ ^^-^^^ 

For a large (and hence presumably classical) HD-BTZ hole, A+ ^ 1, AdS/CFT corre- 
spondence thus suggests associating with the hole the CFT mass 

McFT = A{1- e-('^-3M+) , (2.25) 

where A is some positive constant and we have normalised the zero of Mcft to A+ = 0. 

Consider then the bulk. As the neighbourhood of the infinity is not asymptotically 

stationary, an ADM mass is not defined. For d = 5, a conserved charge proportional 

to A^ was identified by embedding the bulk in Chern-Simons supergravity [HHllSni- In 
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comparison, the d = 3 ADM mass is proportional to A^ |4m 1^ . We note that the 
relation ()2.25p between Mcft and A+ resembles the relation between the ADM energy 
H and C-energy c for cylindrical gravitational waves in four dimensions, 

H = ^{l-e-^^^) , (2.26) 

where G is Newton's constant |^. It would be interesting to understand whether this 
resemblance is more than a coincidence. 

An elementary analysis shows that the k ^ coincidence limit geodesies are 
contained in the HD-BTZ exterior and pass asymptotically close to the horizon as 
X+\k\ — >■ cx). From the geodesic approximation viewpoint, AT^^, does therefore not 
probe the geometry behind the horizons but the result ()2.24j) probes the near-horizon 
region of the exterior. 

2.5 7^2 quotient 

We next consider the quotient of the region X'^ > \X'^~^\ in AdS,^ under the group 
generated by the isometry J := exp(7rA+^) o Jq, where 

Jo: {X\X\--- ,X'^-^,X'^~\X'^)^ {X°,-X\--- ,-X'^-\X'^~\X'^) . (2.27) 

As J^ = exp(27rA+^), this spacetime is a Z2 quotient the HD-BTZ hole. The construction 
resembles that of the MP^ and MP^ geons as Z2 quotients of respectively Kruskal ^331 
EH EHl and the nonrotating BTZ hole ^21; but while the MP^ and MP^ geon quotients 
identify two disconnected exterior regions, the exterior of the HD-BTZ hole is already 
connected, and the Z2 identification in the exterior coordinates ()2.5j) reads 

{T,p,x\v)^{T,p,-x\v + 7r) . (2.28) 

The metric on the conformal boundary is given by ()2.5b|) and ()2.7|) with the identi- 
fication 

{T,x\ip)^{T,-x\ip + TT) . (2.29) 

Note that among the continuous de Sitter isometrics in ()2.7j) . ()2.29j) preserves only the 
rotations on S"^"^. The boundary has thus a distinguished spacelike foliation by the 
constant T hypersurfaces. Similarly, the bulk exterior has a distinguished spacelike 
foliation by the constant T hypersurfaces in ()2.5|) . 

The Euclidean vacuum on the conformal boundary of the HD-BTZ hole induces a 
Euclidean vacuum on the conformal boundary of the Z2 quotient. By the method of 
images, the Green's function is the sum of ()2.16|) and the additional term 



AgG{x;x') 

. r(^) 



X 



E 



'^^'^'') k& fcosh{A+[A¥? + (2A; + l)7r]}-Z(r,x;T',-x')j 

(2.30) 
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and it follows from subsection 12. 3l that the term ()2.30|) is reproduced by the bulk geodesic 
approximation. 

The contribution from AgG{x] x') ()2.30|) to the stress-energy tensor requires no renor- 
malisation. In the notation of ()2.23j) . a direct computation yields 

(^-3)r(^) >^ c, + i 

4(rf-2)(2vr)('^-i)/2Z.(^^_^)(.-i)/2 ' I •'^aj 

e. r(^) ^ iC, + l)[d{C,-l) + 2{Z-C,)] 

'M(rf-2)(27r)(''-i)/2Z. ^c,-Zf^'^^' ' ^ ^ 

id - 3)r(^) ^ dCl - 1 + (C, + 1){Z - C) 

-l)/2 Z^ /^ ;7x(d+l)/2 ' {^.610) 



A,T? 


a,t; 


a.t; 



4(rf-2)(27r)('^-i)/2^ (C, - Z)(^+^)/^ 

where C^ := cosh[(2A; + l)7rA+] and Z = — cosh(2T). Note that AgT^j^^ is traceless. 

As the boundary is not globally de Sitter invariant, there is no reason to expect 
AgT^y to be locally de Sitter invariant, and the T-dependence in fl2.3ip shows that it 
indeed is not. We now show that the relative magnitude of AT^j, and AgT^y depends 
on both A+ and T. 

Consider first the limit of large A+ with fixed T. The leading terms in AgT^^, (12.311] 
are those with A; = and —1, proportional to exp [— |((i — 3)7rA+] , and the T-dependence 
only appears in a subleading order. In comparison, the leading terms in AT^j, (I2.23|) are 
proportional to exp[— (rf — 3)7rA4_]. Hence AgT^^, dominates AT^^. 

Consider then the limit of large \T\ with fixed A+. In ()2.3H) . we first arrange the 
sums in the form ^^g i^^ ~ Z)~^ with p > and use the results in appendix 1X1 to 
identify the leading sums and replace Ck by |e'^^+e^'^'^'^+. We then rearrange the leading 
sums into sums of the form 

y^ TT^ T Tp , P > 1 • 2.32 

In the sums ()2.32j) . we next include also negative integer values of k: This introduces 
an error of order 0(^Z~^^, but as the new sums are periodic in ln(— Z), the error is 
sub-leading. Finally, replacing Z by — |e^'"^', we find the asymptotic large \T\ behaviour 

^^i - ^] 4(^52^(11)72 ^"^'"'^"^' [id - 3)/(.-i)/2 -id- l)/(.+i)/,] , (2.33b) 
^^^"- ~ " 4f^-2)^lff/^ ^"^'"''"^' [^^ - 2)^(^-^)/^ - ^^ - ^^h^^'y^'^ ' ^2.33c) 
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where 

g(2fc+l)7rA+-2|r| 

fp--=2^ U2k^i).x^-2iTi,iY ' P>^ ■ (2.34) 

Note that fp is periodic in \T\, with period 7rA+, and hence bounded in \T\} Equations 
p.33|l thus show that AgT^j^iy decays exponentially as \T\ — >• cxo. 

For given A+ ^ 1, these results imply that AgT^^ dominates AT^,^ for some finite 
interval in T but decays exponentially as \T\ —>■ oo. This decay could be expected from 
similar results in geon-type versions of Rindler space [62, 63 and in the RP^ version of 
de Sitter space |E11- Note that the dominance of AgT^^, does not contradict the proposal 
()2.25|) for the mass of the HD-BTZ hole, as the infinity neighbourhoods in the HD-BTZ 
hole and the Z2 quotient are not globally isometric. Whether AgTxr + ATtt might 
provide a reasonable mass for the Z2 quotient is not clear, but the T-dependence of such 
a mass would not contradict any bulk symmetries. 

Finally, note that all the new T 7^ coincidence limit geodesies have Z < —1 and 
hence pass inside the horizon. From the geodesic approximation viewpoint this means 
that AgT^^ arises entirely from geodesies that probe the geometry behind the horizon. 

2.6 Adding rotation to the HD-BTZ hole 

The HD-BTZ hole is a direct generalisation of the nonrotating BTZ hole to d > 4. 
Generalising the rotating BTZ hole in a similar way produces a spacetime that is not 
a black hole jHIl, but part of the conformal boundary of this spacetime is still obtained 
from the metric ()2.7|) by an appropriate identification, and the methods of subsections 
12.21 and 12.31 define on this part of the boundary a conformal scalar field state. We now 
discuss briefiy the stress-energy of this state in view of AdS/CFT correspondence. 

In the bulk, the isometry group is now generated by exp (27rA+^ + \-T]) , where ^ is 
as in (Q, 

and the parameters A+ and A_ satisfy < A_ < 27rA+. The region of interest on the 
conformal boundary without identifications is ()2.7j) with —oo<ip<oo, and the group 
acting on it is generated by exp(27r9<^ + X-fj) , where fj is induced by 77: f/ is a boost-like 
Killing vector on ds^g in ()2.7p . normalised so that rj^fi^ > —1. Note that 27r9^ + A_f/ is 
spacelike. In a static coordinate patch (t,r,x\ip) adapted to fj, the metric ()2.7|) reads 

d4pT = -(1 - r'^)dP + (1 - r'^y^dr^ + fMfi^_4 + A^d(^^ , (2.36) 

where < r < 1, fj = di, and the identification is 

(t,f,x\(^) ~(t + A_,f,x\(^ + 27r) , (2.37) 

^Viewed as a function of complexified |r|, fp has also period ni and is hence an elliptic function. 
For p = 2, it can be expressed in terms of the Weierstrass elliptic function ( 61 , pp. 45-47). 



12 



where x is the {d — 3)-diinensional unit vector coordinatising S'^~'^. 

The Green's function is constructed from ()2.15|) by the method of images, and the 
contribution to the boundary stress-energy tensor from the identifications can be com- 
puted as in subsection 12.41 Working in the static coordinates fl2.3(i|l . the differentiations 
can be performed with the help of the formula 



Z{x]x') = y {1 ~ P){1 - f'^) cosh{Ai) + ff ^ x'x'" . (2.38) 

In the limit of large A+ with fixed A_/A_|_, the leading asymptotic behaviour is 

at/ ~ F [(d - 3) + (rf - 1 - 2f2)g + (d-2){d-3){l-f^)q^] , (2.39a) 

Arr~F(rf-3) [l + f'g-(l-f2)g'] , (2.39b) 

AT|~F[(d-3)-2f2g-(t/-3)(l-f')g'] , (2.39c) 

AT^^~-F[(rf-2)((^-3) + ((rf-3)(l-f2) + 2)g+(rf-3)(l-f2)g2] ^ (2.39d) 

AtI ~ -F\+d{d - 2)q , (2.39e) 

where 

F ■= -^^ 71TT^7^ ' (2-40a) 

A{d - 2)7r('^-l)/2 [1 - (1 - f2)g] ('^+l)/2 

g:=e^— 2"^+ . (2.40b) 

Note that AT* is nonvanishing, but at large A+ with fixed A_/A+ it is exponentially 
suppressed compared with the diagonal components. 

Now, AdS/CFT correspondence suggests seeking in the boundary stress-energy 
()2.39|) evidence of rotation in the bulk spacetime, and possibly even a definition of 
the angular momentum of the bulk spacetime. While the nonvanishing value of AT* 
can qualitatively be seen as such evidence, it is difficult to identify a more quantitative 
correspondence. The nondiagonal component has a nontrivial dependence on f even 
when expressed in the normalised basis, and we have verified that the same holds also 
in a Lorentz-orthonormal basis in which the spacelike unit vector in spanjc^^, d^} is 
proportional to 27id^ + X-fj. 

3 Black holes with flat boundaries 

In this section we investigate spacetimes obtained from the Schwarzschild-AdS family 
in d > 4 dimensions by replacing the round S*^^^ by a fiat space |^ HHl HZl UHl HH] ■ The 
metric in the curvature coordinates (a;^) = (t, r, x) reads 

ds^ = -fdt^ + — + -dx^ , (3.1a) 

/ «^ 

r^ 2M 
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where x"^ := Yli=i {^^Y- The positive parameter i is related to the cosmological constant 
by A = —j{d — l){d — 2)i~'^, and the positive parameter M is proportional to the 
ADM mass per unit coordinate volume in dx^ |H31 lUB] . The value of r at the horizon, 
where / vanishes, is rh '■= ~v2MP. The surface gravity of the horizon, normalised 
to the Killing vector dt, is k = \{d — l)r/i£~^, and the inverse Hawking temperature is 
Ph ■■= 2n/K = jfyi\\ 

We take initially x G M*^^^, so that the horizon has (spatial) topology M'^^^. The 
parameter M has then coordinate-invariant meaning only in being positive, as its value 
can be rescaled by rescaling r, t and x. Other horizon topologies will be discussed in 
subsections 13.31 and 13.41 

The metric on hypersurfaces of constant r satisfies 



rp^ 



and a convenient representative of the conformal equivalence class of metrics at the 
infinity is the [d — l)-dimensional Minkowski metric, 

ds^FT = -dt^ + dx^ . (3.3) 

By AdS/CFT correspondence, one expects the bulk to induce on the boundary ()3.3|) a 
thermal state with inverse temperature (5u and energy expectation value proportional 
to M. The periodicity of t on the Euclidean-signature section of the bulk implies that 
the boundary two-point function evaluated in the geodesic approximation is periodic in 
t with period iiin^ but the boundary stress-energy requires an explicit computation. We 
now embark on this computation. 

3.1 Bulk geodesies 

It is convenient to analyse the bulk geodesies first on the Euclidean-signature section 
and at the end continue to Lorentz-signature. We write t = —it and regard r in this 
subsection as real. 

The geodesic equations read 

(3.4a) 

(3.4b) 
(3.4c) 

where a is the proper distance, C and C are constants, and 

P{r) ■= r'^+^ - [C'^t + C'^Y-^ - 2Mer^ + 2MeC^ . (3.5) 
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dr 


C 


da 


fir) ' 


dx 


iC 


da 


r2 ' 


drV _ 


P{r) 


da 1 


p^d-i 



We are interested in geodesies that begin and end at r = cxo and have a turning point 
at r = rjnin > r^, which is the largest zero of P{r). We truncate these geodesies at 
r = Tinax, where the cutoff Tmax will shortly be taken to infinity. Denoting by At 
and Ax the differences in respectively r and x between the endpoints of the truncated 
geodesic and by L the length of the truncated geodesic, ()3.4j) gives 

/ max ^ 2 fi rp 

At = 2Cf / , , , (3.6a) 

d— 5 
/ ' max fp 2 /"] ly 

I ' max ^ 2 (H 7^ 

L = 2e ^-F== ■ (3.6c) 

Consider now the limit rmax -^ oo with fixed C and C . At and Ax tend to the finite 
values 

/•oo 3d-7 

Ar = 2C£3 / "^ ' "^ ^ , (3.7a) 

A^.„ [r"-^ - 2MP) ^fW) 

As = 2Ce / ^== . (3.7b) 

L diverges, but subtracting from ()3.6cp the integral of 2£(r^ — r^j^) and performing 
the elementary integration shows that Lrcn := linirmax-^oo \L — 2£ln(rmax/^)] is finite and 
given by 

L,en = 2i\n(^] +21 f I ^A_ , ^ I dr . (3.7c) 

Recalling that rmin is determined by C and C^, we see that the system (13. 7j) determines 
Lren at Icast locally as a function of Ar and Ax. We adopt this L^en as the renormalised 
geodesic length to be used in the boundary Green's function. 

To evaluate the boundary Green's function to quadratic order in Ar and Ax, which 
is the order that determines the boundary stress-energy, it turns out sufficient to find 
the expansion of Lren to the next-to-leading order in Ar and Ax. We show in appendix 
El that this expansion is 

L.e. ^ 2nn{D/i) + ^^^^^^ ) X ^^^^ [(Axy - (d - 2)(Ar)^] , (3.8) 



where D := ^(Ar)2 + (Af)2. 
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3.2 Boundary CFT 

We define on the Euclidean-signature section of tlie conformal boundary ()3.3|) tlie 
Green's function 

From ()3.8p . the expansion of Gcft to quadratic order in At and Ax reads 



CFT 4^(d-l)/2 



X 






[(rf-2)(Ar)2-(Ax)^] 



Dd-3 [{d-i)PH\ 8r(^) 

'(3.10) 

where the superscript ^"^^ indicates that only terms up to quadratic order in the coordi- 
nate separation have been kept. We have written M in terms of the inverse Hawking 
temperature (3h- The coefficient of Lj-en and the overall factor in ()3.9p have been chosen 
so that GcFT has the short distance divergence of a free scalar field ^9^ . 

(2) 

As G^prp satisfies the Klein-Gordon equation, we can consistently view it as a free 
conformal scalar field Green's function and compute the stress-energy from the quadratic 
term. The classical expression for the stress-energy is now given by the first three terms 
in (I2.22|l . with g^j,^ replaced by the Minkowski metric ()3.3j) . Continuing G^pT to Lorentz- 
signature by r = it, the point-split calculation is straightforward and yields 



(r„„), 



[r(¥)] r 2x 



M'^/CFT 



87,(d-2)/2r(rf±2) 



id-l)(3H 



d~l 

X diag(rf - 2, 1, . . . , 1) . (3.11) 



Note that {T^^)^prj, is traceless. Expressing Ph in terms of M shows that p.lip is 
proportional to M. The boundary energy density is therefore proportional to the black 
hole ADM mass. This is the result one would have expected. 

It is of interest to compare (T^,y)(^prp ()3.11|1 to the stress-energy {T^j.^)^^^^ of a free 
conformal scalar field on Minkowski space in an ordinary thermal state with inverse 
temperature [3h- From appendix O first term in equation ()C.10|) . we see that the 
expressions agree up to a d-dependent multiplicative constant. We have verified by a 
combination of numerical methods at small d and an asymptotic expansion at large 
d that (Too )cpx/(^oo) free ^^ Icss than 1 for all integers d > ?> (although it equals 1 at 
d ~ 3.1475 and approaches 1 as (i — *> 3) and decreases rapidly as d increases. 

3.3 A periodic boundary dimension 

In this subsection we make one of the spatial dimensions in the bulk metric p.ip periodic 
by (t, r, x^, x^, . . . , x"^"^) ~ (t, r, x^ + a, x^ , . . . , x'^~'^) , where a is a positive parameter. 
The conformal boundary ()3.3j] becomes then Minkowski space with one periodic spatial 
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dimension. We assume the extension past the horizon to be of the usual Kruskal-type, 
reviewed in appendix O This guarantees that the Lorentz-signature continuation of 
GcFT ()3.9|) will receive no contribution from geodesies that cross the horizon. 

The stress-energy of a free conformal scalar field in an ordinary thermal state on 
Minkowski space with one periodic dimension, computed in appendix IH} suggests that in 
the limit of large a with fixed M (T^j,)^^^ ()3.1H) should receive a correction proportional 
to 

^-i^ xdiag(0, 3 -rf, !,...,!) . (3.12) 

We now show that this suggestion is not realised. 

A first observation is that any new contribution to {Tf^u)^^'^ must be suppressed in 
a exponentially, rather than as a power-law. In ()3.7|) . the coincidence limit of the new 
geodesies occurs when At = Ax'^ = ■ ■ ■ = Ax"^'"^ = but Ax^ = na, n ^'L\ {0}. This 



implies C = 0, C^ = r^j^ and P[r) = (r^ — r^in)(^°' ^ ~ ''"h ^)- The limit of large 
is the hmit r^i^ ^ rh, in which fl3.7b|) and ()3.7c|) give 



\n\a 



rsj 



""" ihfA't-'^ • p-^^^) 



and hence Lj-en ~ {rh/i)\n\a. The dominant correction in G^ft thus comes from 
geodesies close to the coincidence geodesies with n = ±1, and this contribution involves 
the suppression factor Q-id.-3)Lrcn/{2e) ^ gxp[— i((i — 3)r/ia£"^]. 

(2) 

Computing the correction in G^ft requires an expansion around the coincidence 
geodesies with n = ±1. What makes the calculation laborious is that the leading 
contribution from each geodesic is linear in the coordinate separation, and the linear 
terms only cancel on adding the contributions from n = 1 and n = — 1. We have only 
performed this calculation for d = 5, in which case the integrals in ()3.7j) simplify by 
taking r^ as the new variable.^ Omitting here the steps, we find that the correction in 

PFT -'^^^OS 



(2) 

r J-co'^o 



4 



X 



4^(.-i)/2 " 4 eM-r.an^{S-r , (3-14) 

where 6x^ denotes the separation in periodically identified x^. The terms involving At 
and Ax* for 2 < i < d — 2 are subleading in a. 

As fj3.14j) does not satisfy the Klein-Gordon equation, we cannot interpret it as 
a correction in a free conformal scalar field Green's function. We conclude that our 
AdS/CFT correspondence model cannot be used to compute the periodic correction to 
the boundary stress-energy at least for d = 5. 



^The integrals can be evaluated in terms of elliptic integrals. We have however not been able to 
exploit this observation in the calculations. 
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3.4 Geon 

Similarly to the MP^ extension of Schwarzschild [^ I5H IH31 lU^ and the MP^ extension 
of nonrotating BTZ ^2] , it is possible to continue the exterior metric (jH.lj) with periodic 
x^ into inextendible spacetimes that do not contain a second exterior [67^. The interest 
of these unconventional extensions for our AdS/CFT correspondence model is that the 
Lorentz-signature continuation of Gcft ()3.9|) may then receive additional contributions 
from geodesies that cross the horizon. In the RP^ case such geodesies are required to 
recover the appropriate Green's function on the boundary jHj, and we observed a similar 
phenomenon in the HD-BTZ case in subsection I2.5I We now address this question with 
the metric (jSHj). 

We consider the spacetime obtained from the Kruskal-type extension of appendix iDl 
by the identification (U,V,x^,x'^, . . . , x"^"^) ~ (V, U,x^ + ^a,x'^, . . . , x'^~'^) . The global 
structure differs from that of the MP geon [12j by the d — 3 dimensions that are in- 
ert in the identification, and also by the fact that the singularities in the conformal 
diagram cave inward compared with the infinities (cf. [^j). The exterior is as in sub- 
section 13.31 but there are now horizon- crossing geodesies that begin and end at the 
conformal boundary. 

Let t = be the distinguished constant t hypersurface in the exterior [T21 112] • By 
the results in subsection 12. 5^ one expects the contribution from the horizon-crossing 
geodesies to be exponentially suppressed as |t| -^ oo with fixed a. However, at suf- 
ficiently small |t|, the horizon-crossing geodesies dominate those considered in sub- 
section 13.31 To see this, consider the horizon-crossing coincidence limit geodesies at 
t = 0. These geodesies belong to the Euclidean-signature section at r = and are 
obtained from ^^ with C = 0, r^in = th, & < rl, P{r) = (r^ - C^) (r^^^ - r^'^), 
At = Ax^ = ■ ■ ■ = Ax'^-^ = and Ax^ = (| + ^)«> n e Z. In parallel with (jTTTI|l . 

I 1 I (2) 

we now find Lren ~ ('"/i/^)] 2 + '^n- '^^^ dominant correction in G^ft thus comes from 
geodesies close to the coincidence geodesies with n = and n = — 1 and involves the 
suppression factor Q--{<i-3)Lrcn/{2i) ^ g-^^p |^_ 1 (^^_3y^Q£-2j ^ -^j^jqJ^ goes to zero less rapidly 

than the factor exp[— |((i — 3)r/ja£~^] found in subsection 13.31 

We have computed the leading correction in G^prp only for d = 5, and then only at 
t = 0. Written on the Lorentz-signature section in the notation of ()3.14|) . we find that 
this correction is 

^i57iX^^^-P(-^'-'.«n^[(&f + 3^(A*)1 ■ (3-15) 

As ()3.15p does not satisfy the Klein-Gordon equation, we cannot interpret it as a cor- 
rection in a free conformal scalar field Green's function. Although the horizon-crossing 
geodesies give the leading a-dependent correction in the Green's function, we there- 
fore cannot use them to compute a correction to the boundary stress-energy within our 
AdS/CFT model at least for d = 5. 
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4 Discussion 

In this paper we have analysed AdS/CFT correspondence for two famihes of Einstein 
black holes in rf > 4 dimensions, modelling the boundary CFT by a free conformal scalar 
field and evaluating the boundary two-point function semiclassically from bulk geodesies. 
For the HD-BTZ hole, which is locally AdS^ and generalises the nonrotating BTZ hole 
to d > 4, the model was fully self-consistent. The boundary state was the Euclidean 
vacuum induced from the global vacuum on the conformal boundary of AdSt^, which 
is thermal in the sense appropriate for the dSrf_2 factor in the boundary metric. The 
boundary stress-energy suggested a novel definition for the mass of the HD-BTZ hole 
by AdS/CFT: In the absence of an ADM mass, the interest in this definition remains to 
be seen. We also analysed briefly a Z2 quotient and a generalisation involving rotation. 

For the generalised d > 4 Schwarzschild-AdS hole with a flat R*^"^ horizon, the model 
was self-consistent at the level of the boundary stress-energy, and the stress-energy had 
the thermal form in a temperature that agreed with the hole Hawking temperature up to 
a (i-dependent numerical factor. In particular, the energy density was proportional to the 
hole ADM mass. However, the model could not consistently accommodate corrections 
from a periodic horizon dimension in the limit of large period with fixed mass for d = 5. 
Similarly, the model could not consistently accommodate corrections from geodesies 
that cross the horizons in a single-exterior version of this d = 5 hole, obtained as a Z2 
quotient. We suspect these inconsistencies to be present for all c? > 4. 

The stress-energy tensor on the boundary of the HD-BTZ hole received contributions 
from bulk geodesies that pass through the near-horizon region, and for the Z2 quotient 
there were additional contributions from geodesies that pass inside the horizon. These 
'long' geodesies arise from the construction of the hole as a quotient of AdS^ and have 
no counterpart in AdS^ itself. It follows that these contributions represent an effect 
that is not present in a boundary stress-energy tensor calculated from the near-infinity 
metric by quasilocal techniques with counterterm subtraction [^111131101: The quasilocal 
stress-energy tensor is insensitive to quotients that preserve the conformal rescaling near 
the infinity and cannot thus depend on the parameter A+ that determines the size of the 
hole. For the explicit computation of the quasilocal stress-energy for d = 5, see [H]. The 
parameter A+ would affect integration of the quasilocal stress-energy, and this is how the 
quasilocal stress-energy on the boundary of the BTZ hole reproduces the correct mass 
and angular momentum as conserved charges jHHj, but the absence of a global timelike 
Killing vector prevents a direct lift of this BTZ result to the HD-BTZ boundary. For 
the generalised Schwarzschild-AdS hole, our stress-energy result for nonperiodic horizon 
agrees with the quasilocal stress-energy [72j . 

Why did a period on the horizon of the generalised Schwarzschild-AdS hole make 
the model inconsistent? One might suspect the reason to have been an inappropriate 
matching of the boundary and the bulk.^ In the semiclassical evaluation of the boundary 
two-point function, the bulk geometry should be regarded as a saddle point in the 



^We thank Rob Myers for raising this possibihty. 
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gravitational path integral under boundary conditions set by the boundary geometry. 
When the Euclidean-signature boundary has two periodic dimensions, there are a priori 
two families of saddle points, differing in the choice of the boundary circumference 
that is matched to the bulk Euclidean time, and for the dominant saddle point this 
circumference is the smaller one JZSIEIIZSI-^ As we considered a limit of large spatial 
period with fixed hole mass, our bulk was in fact the dominant saddle point, so this 
cannot have caused the problem. 

The reason for the inconsistency may be just that a free conformal scalar field is 
not a good boundary CFT model when bulk regions where the local geometry differs 
substantially from AdS^ become important: We see from ()H.1H|1 that in the limit of 
large period, the troublesome geodesies pass arbitrarily close to the horizon. For the 
ordinary Schwarzschild-AdS hole, it was indeed argued in P9J that a better boundary 
CFT model is a high conformal weight scalar field. ^ By adjusting the parameter /i 
in ()2.17|1 . our geodesic length analyses yield small separation expansions for arbitrary 
conformal weight Green's functions on the boundary, but gaining useful information 
from such an expansion is more difficult when the field is not free. For a discussion of 
the conformal anomaly, see j79|| . 

It would be possible to evaluate boundary Wilson loops semiclassically for our gen- 
eralised Schwarzschild-AdS holes and analyse the corrections that arise from the choice 
of the bulk topology. Our Green's function results suggest, however, that one should 
first develop a better understanding of what might constitute a reasonable boundary 
CFT model for these bulks. 
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A Asymptotics for subsection 12.5 



In this appendix we prove a lemma needed for the large \T\ behaviour ()2.33|1 . 



^For similar issues with a finite distance boundary, see [7HI[77I[7^ . 
^We thank Veronika Hubeny for this observation. 
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Lemma A.l Let A+ > and p > 0. For a > 0, let 

oo ^ 

^^"^ -^ ^ {cosh[(2A; + l)7rA+] + a}' 

oo ^ 

r/ien G(a) = O (^) an^i F(a) = G{a) + 0(«-(p+i)) 

Proo/. Consider first G. We write G(a) = (2e"''-^+)^S'(2e^''^+a), where 

oo ^ 



(A.la) 
(A.lb) 



as a —^ oo. 



(A.2) 



Estimating the sum in ()A.2|) by the integral gives the sandwich inequahty I{x) < S{x) < 
I(x) + (1 + x)~^, where 



I(x) 



dt 



U2nX+t + ^Y 



1 



dz 



2nXj^x'P Jij^ z{z + 1 
1 i r dz 



2n\,xP 



°°dz 
l/x A^ + 1) io ^ 
"1 : 



[(z + lf z^\ 



1 



1t\\.xv 



^/^d£ 
^ 

Ins - 



[z^ir z + i 



dz 







[z + lf z+l 



0{x-'] 



(A.3) 



In ()A.3j) we have first changed variables by 6^'^'**+* = xz and then rearranged the integral 
in a form whose large x expansion is elementary. The sandwich inequality and ()A.3j) 
imply S{x) = O (i^), and hence G{a) = 0{}^). 

Consider then the difference of F and G. From ()A.1|) we find 



aP+^[G(«)-F(a)] =Y^ 



a 



p+i 



k=0 



[ig(2fc+iKA+ + ^Y {cosh[(2A; + l)7rA+] + a}^ 



(A.4) 

where the sum rearrangement is allowed by absolute convergence. An elementary anal- 
ysis shows that the fcth term on the right-hand side of ()A.4|) is positive and bounded 
above by ^pe~^'^^~^^'''"^+ and tends to ^pe~^'^^~^^'''"^+ as a -^ oo. It follows by dominated 
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convergence that we can take the hmit a ^ oo in ()A.4|) termwise, and summing the 
geometric series gives 

a^+i [G{a) - F{a)] > ^—— . (A.5) 

L ^ ^ ^ ^J Q->oo 4cosh(7rA+) 

Hence F{a) = G{a) + 0{a-^P+^^). ■ 



B Expansion of L 



ren 



In this appendix we solve the system ()3.7|1 for L^cn to next-to-leading order in the limit 
of small At and Ax with fixed |Ax|/|Ar|. 

We specify the geodesic in ()3.7|) by C and rmin- From ()3.5|) . C is then given by 



Ci = V«in - C') [I - {vH/r^^Y-'] , (B.l) 

and P{r) factorises as 

P(r) = (r-r^in)(r' + ad_ir'^~^ + --- + ao) , (B.2a) 

where 



(^d—l '"mi 



inin ; 



a.-. = -^^ 1--^) , 2<^<d-2 , 

'min \ 'min^ 

O'l — 2 ' 

min 

ao = -- ^^-— . (B.2b) 

I mm 

We first expand ()3.7ap and (j3.7bjl to next-to- leading order at large rmin, keeping 
C/'^min constant. From ()3.7b|l . we obtain 



oo 



Ax = 2Ce ' ^"^^^ 



2Ct 



2Cf 



in A/(r-rmin)(aoH ^ r<^) 



dr ^^ ttj /"°° dr 



mm r2^/r2 -r 



V^^ - <in fb^ 2 7,^j^ r'^+i-i^r + ri„in)A/r2-r^j^ 



[B.3) 



22 



Note that all the terms under the sum in ()B.3|) contribute to the next-to-leading term, 
which is suppressed compared to the leading term by the factor (r/i/rmin) ~ . The 
dropped terms are suppressed compared with the leading term by {rh/rja\n) .A sim- 

ilar treatment of ()3.7a|) yields 



Ar ~ 2Ct 






d-2 



j.d-1 /^i=0 2r'*-i-»(r+r„iin) 



dr 



J.2 /^2 



inin 



(B.4) 



where C can be replaced by its next-to-leading order expansion 



a 



^2 _ (72 



^d-1 



2r 



d-l 



(B.5) 



The integrals in ()B.3|) and ()B.4|) can be evaluated by the identities, easily proved by 
induction, 
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where m > and the double factorial of a negative number is understood to 
Collecting, we obtain 



(B.6a) 
, (B.6b) 
be unity. 
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The square bracket in the sum limit in ()B.8b|) denotes integer part. 
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Next, we invert ()B.7|) for C and rmm to the next-to- leading order in the hmit of small 
Ar and Aa; with fixed |A,f|/|Ar|. The result is 



y + 2rf-i£2d-4 [^^{Mf + (2a, -(3a- l)(Ar)^] | , (B.9a) 



2£2 r A/rna!-3 



C^ (Ax) 2 



r\j 



r^. D2 



min 



d-3 






(B.9b) 



where D := A/(Ar)2 + (Aa;)^. Comparison of ()B.9|1 and our large rynm expansion of 
()3.7a|) and ()3.7b|) shows that this large Vmin expansion kept all terms that contribute to 
the next-to-leading order in Ar and Ax. Hence ()B.9|) solves ()3.7aj) and ()3.7b|) to the 
order shown. 

Finally, the integral in ()3.7c|l can be expanded by similar techniques. We omit the 
details. Using ()B.9jl and writing the remaining double factorial in terms of the gamma- 
function gives ()3.8|) . 

C Finite temperature stress-energy with one peri- 
odic dimension 

In this appendix we find the leading finite size correction to the finite temperature stress- 
energy tensor of a free conformal scalar field on Minkowski spacetime with one periodic 
spacelike dimension. Despite the interest of finite size effects in finite temperature field 
theory (see for example [ED]), we have found this correction in the literature only in 
dimension two ([SH], Section 4.2). In four dimensions, the electromagnetic finite tem- 
perature Casimir effect between two perfectly conducting planes is closely similar [HTj . 

Following the conventions of the main text, the Minkowski dimension is d — 1 with 
d > 3. The coordinates on the Euclidean-signature section are {T,x,y) with y G M.'^~^ 
and (r, x, y) ~ (r, x -|- a, y). The inverse temperature is (3. 

Let 

^o(^,^,f):=— — ^-— (5Z^ • (C.l) 

(r^ + x^ + y^) 

By the method of images, the Green's function is 

r(^) ~ 

G= 4^(rf-i)/2^ ' (<^-2) 

where 
G{T,x,y) = GoiT,x,y) 

+ y^ |G'o(t + m/?, X + na, y) + \Go{t — m(3, x — na, y) — Go{7n(3, na, 0) 

m,n 

(C.3) 
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and the primed sum is over (m, n) eT?\ {(0, 0)}. The inclusion of the constant terms 
and the (m, n) ^-> (— ??i, —n) pairing make the sum convergent in absolute value for all 
rf>3. 

Lemma C.l Let p > 1. For n > 0, let 

oo ^ 

gp{u) := y^ - — ^-^T-^ . (C.4) 

Then 

as u ^f oo, where ( is the Riemann zeta- function, and the expansion 46". ,5]) can he 
differentiated in u. 

Proof . An integral estimate similar to that in the proof of Lemma [A. II vields 

m,=l ^ ' ^ ' 

as f -^ cxD, where the coefficient in the leading term arises as the integral 
Jg°° (1 + 1/2) ^d|/ [Sn]. Setting in ()C.6|) v = nu and summing over ra, ()C.5|1 follows 
using the infinite sum representation of the zeta-function pBI. To justify differentiation 
of ()(15|1 . multiply ()(16jl by powers of n^, set v = nu and sum over n, and compare with 
derivatives of ()C.4|) . ■ 
We split G as 

G = Go + Gi + G2 + G-i , (C.7) 

where Gi consists of the n = ^ m terms, G2 consists of the m = ^ n terms and 
G3 consists of the m ^ ^ n terms. In Gi, G2 and G3 we expand the summands to 
quadratic order in r, x and y. Interchanging the sum and the expansion, justified by 
convergence arguments that we omit here, we find 

Gf'= "-'jl'f-^' [(.i-2)r^-.^-,-'] , (C.8a) 
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where the superscript ^^•' indicates that only terms up to quadratic order have been kept 
and the prime on g(d-i)/2 denotes derivative with respect to the argument. 
In the hmit of large a with fixed /3, flC.5|l and ()C.8c|) imply 



G 



(,)_ 2v/¥r(^)C(c^-2) 
r(^)/?a'^-2 



[(d-3)x2-y2]+o(a-('^-i)) 



(C.9) 



Continuing G to Lorentz-signature, standard point-splitting methods jSHl give 

(^M^) = ^Tfrfr^krr^ X diag(rf - 2, 1, . . . , 1) 



7]-(rf-l)/2^d- 

r(^)C(rf-2) 



+ 






X diag(0, 3 — d, 1, 



(CIO) 



^(2) 



where the first term is the usual Minkowski value, coming from G\ , and the second 

~(2) 

term is the leading correction, coming from 6*3 . Note that this correction dominates 
the zero-temperature vacuum polarisation term that comes from G2 and is proportional 

to a-("'-i). 



D Kruskal extension 

In this appendix we present the Kruskal-type extension of the metric ()3.1|) . For nota- 
tional convenience we write (i = n-|-l,n>3. 

Starting in the exterior region r > r/i, we define the tortoise coordinate r* by 

^00 ^~ 



r* := - 



nru 



In 



where 



h{s) 



fir) 
r -Th 
r + rh 

n 



- h{rh/r) 



and the Kruskal coordinates ([/, V, x) by 



l-z' 



dz 



U := — exp 
V := exp 



2£2 



The metric reads 



ds' 



2P 



^2^2 j,n 2^^ _ ^^-) 



Qh{r,/r) ^jj^y ^ ^^2 ^ 



(D.l) 
(D.2) 

(D.3a) 
(D.3b) 

(D.4a) 



26 



where r is determined as a function of U and V by 



-UV = I J e-''^'''^^''' . (D.4b) 

The function h{s) ()D.2|) is nonsingular for < s < oo, h{0) = and hm^^oo h{s) = 
7rcot(7r/n), using 3.241.3 in ISHI-^ It follows by standard considerations that ()D.4|1 is a 
global chart with -1 < UV < e-^^°^i^M, 

As the infinities are at UV ^ —1 and the singularities are at UV -^ g-vrcot{7r/n) ^ -^^ 
the singularities in the conformal diagram cave inward relative to the infinities ^2- I^ 
the AdS/CFT context, this gives rise to phenomena analysed for Schwarzschild-AdS 
holes in ^. 

References 



[1 

[2 
[3 

[4; 

[5 
[6 

[7: 



[9 



J. Maldacena, "The large A^ limit of superconformal field theories and supergrav- 
ity", Adv. Theor. Math. Phys. 2, 231 (1998). (arXiv:hep-th/9711200) 

E. Witten, "Anti-de Sitter space and holography" , Adv. Theor. Math. Phys. 2, 253 
(1998). (arXiv:hep-th/9802150) 

O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, "Large 
A^ field theories, string theory and gravity", Phys. Kept. 323, 183 (2000). 
(arXiv : hep-th/990511 1) 

D. Berenstein, J. Maldacena and H. Nastase, "Strings in fiat space and pp waves 
from AT = 4 Super Yang Mills" , JHEP 0204, 013 (2002). (arXiv:hep-th/020202l) 

J. Maldacena and A. Strominger, "AdSa Black Holes and a Stringy Exclusion Prin- 
ciple", JHEP 9812, 005 (1998). (arXiv:hep-th/9804085) 

E. Keski-Vakkuri, "Bulk and boundary dynamics in BTZ black holes" , Phys. Rev. 
D 59, 104001 (1999). (arXiv:hep-th/9808037) 

U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, "Vacua, propa- 
gators, and holographic probes in AdS/CFT", JHEP 9901, 002 (1999). 
(arXiv:hep-th/9812007) 

U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, "Spherically collaps- 
ing matter in AdS, holography, and shellons", Nucl. Phys. B563, 279 (1999). 
(arXiv : hep-th/9905227) 

U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, "Black hole forma- 
tion in AdS and thermalization on the boundary", JHEP 0002, 039 (2000). 
(arXiv:hep-th/9912209) 



^For an explicit expression of h{s) in terms of elementary functions, see 2.144 in |58j . 

27 



[10] G. T. Horowitz and N. Itzhaki, "Black holes, shock waves, and causality in the 
AdS-CFT correspondence", JHEP 9902, 010 (1999). (arXiv:hep-th/9901012) 

[11] V. Balasubramanian, J. de Boer, E. Keski-Vakkuri and S. F. Ross, "Superymmetric 
conical defects: Towards a string theoretic description of black hole formation", 
Phys. Rev. D 64, 064011 (2001). (arXiv:hep-th/0011217) 

[12] J. Louko and D. Marolf, "Single-exterior black holes and the AdS-CFT conjecture", 
Phys. Rev. D 59, 066002 (1999). (arXiv:hep-th/980808l) 

[13] V. Balasubramanian and S. F. Ross, "Holographic particle detection," Phys. Rev. 
D 61, 044007 (2000). (arXiv:hep-th/9906226) 

[14] J. Louko, D. Marolf, and S. F. Ross, "Geodesic propagators and black hole holog- 
raphy", Phys. Rev. D 62, 044041 (2000). (arXiv:hep-th/000211l) 

[15] J. Louko, "Single-exterior Black Holes", in: Towards Quantum Gravity: Proceed- 
ings of the XXXV International Winter School on Theoretical Physics (Polanica, 
Poland, 2.-11. February 1999), ed. J. Kowalski-Glikman (Springer, Berlin, 2000), 
188 (Lecture Notes in Physics 541). (arXiv:gr-qc/990603l) 

[16] J. M. Maldacena, "Eternal black holes in anti-de Sitter", JHEP 0304, 021 (2003). 
(arXiv:hep-th/0106112) 

[17] J. Sonnenschein, "What does the string/gauge correspondence teach us about Wil- 
son loops?" , Lectures given at Advanced School on Supersymmetry in the Theories 
of Fields, Strings and Branes, Santiago de Gompostela, Spain, 26-31 July 1999. 
(arXiv : hep-th/0003032) 

[18] J. P. Gregory and S. F. Ross, "Looking for event horizons using UV/IR relations", 
Phys. Rev. D 63, 104023 (2001). (arXiv:hep-th/0012135) 

[19] V. Husain, "Naked singularities and the Wilson loop". Mod. Phys. Lett. A 17, 955 
(2002). (arXiv:hep-th/0204180) 

[20] M. Cvetic, S. Nojiri and S. D. Odintsov, "Cosmological anti-de Sitter spacetimes 
and time-dependent AdS/CFT correspondence", Phys. Rev. D 69, 023513 (2004). 
(arXiv : hep-th/0306031) 

[21] D. Birmingham, "Ghoptuik scaling and quasinormal modes in the AdS/CFT cor- 
respondence", Phys. Rev. D 64, 064024 (2001). (arXiv:hep-th/0101194) 

[22] D. Birmingham, I. Sachs and S. N. Solodukhin, "Conformal field theory inter- 
pretation of black hole quasinormal modes", Phys. Rev. Lett. 88, 151301 (2002). 
(arXiv : hep-th/0112055) 



28 



[23] D. Birmingham and I. Sachs, "Relaxation in conformal field theory, Hawking- 
Page transition, and quasinormal modes", Phys. Rev. D 67, 104026 (2003). 
(arXiv:hep-th/0212308) 

[24] K. Krasnov, "Holography and Riemann surfaces". Adv. Theor. Math. Phys. 4, 929 
(2000). (arXiv:hep-th/0005106) 

[25] K. Krasnov, "Analytic continuation for asymptotically AdS 3D gravity". Class. 
Quantum Grav. 19, 2399 (2002). (arXiv:gr-qc/0111049) 

[26] K. Krasnov, "On holomorphic factorization in asymptotically AdS 3D gravity". 
Class. Quantum Crav. 20, 4015 (2003). (arXiv:hep-th/0109198) 

[27] P. Kraus, H. Ooguri and S. Shenker, "Inside the horizon with AdS/CFT", Phys. 
Rev. D 67, 124022 (2003). (arXiv:hep-th/0212277) 

[28] T. S. Levi and S. F. Ross, "Holography beyond the horizon and cosmic censorship", 
Phys. Rev. D 68, 044005 (2003). (arXiv:hep-th/0304150) 

[29] L. Fidkowski, V. Hubeny, M. Kleban and S. Shenker, "The black hole singularity 
in AdS/CFT", .JHEP 0402, 014 (2004). (arXiv:hep-th/0306170) 

[30] M. Porrati and R. Rabadan, "Boundary rigidity and holography", JHEP 0401, 
034 (2004). (arXiv:hep-th/0312039) 

[31] J. Kaplan, "Extracting data from behind horizons with the AdS/CFT correspon- 
dence". (arXiv:hep-th/0402066) 

[32] V. Balasubramanian and T. S. Levi, 'Beyond the veil: Inner horizon instability and 
holography" . (arXiv : hep-th/0405048) 

[33] C. W. Misner and J. A. Wheeler, "Classical physics as geometry: Gravitation, 
electromagnetism, unquantized charge, and mass as properties of curved empty 
space" Ann. Phys. (N.Y.) 2, 525 (1957). 

[34] D. Giulini, "3-manifolds in canonical quantum gravity", Ph.D. Thesis, University 
of Cambridge (1990). 

[35] J. L. Friedman, K. Schleich and D. M. Witt, "Topological cencorship", Phys. 
Rev. Lett. 71, 1486 (1993); Erratum, Phys. Rev. Lett. 75, 1872 (1995). 
(arXiv : gr-qc/9305017) 

[36] S. Aminneborg, I. Bengtsson, S. Hoist and P. Peldan, "Making anti-de Sitter black 
holes". Class. Quantum Crav. 13, 2707 (1996). (arXiv:gr-qc/9604005) 

[37] S. Hoist and P. Peldan, "Black holes and causal structure in anti-de Sitter isometric 
spacetimes". Class. Quantum Grav. 14, 3433 (1997). (arXiv:gr-qc/9705067) 

29 



[38] M. Bafiados, "Constant curvature black holes", Phys. Rev. D 57, 1068 (1998). 
(arXiv : gr-qc/9703040) 

[39] M. Bafiados, A. Gomberoff and C Martinez, "Anti-de Sitter space and black holes" , 
Class. Quantum Grav. 15, 3575 (1998). (arXiv:hep-th/9805087) 

[40] M. Bahados, C Teitelboim and J. Zanelli, "Black Hole in Three-Dimensional Space- 
time", Phys. Rev. Lett. 69, 1849 (1992). (arXiv:hep-th/9204099) 

[41] M. Bahados, M. Henneaux, C. Teitelboim and J. Zanelli, "Geometry of the 2+1 
black hole", Phys. Rev. D 48, 1506 (1993). (arXiv:gr-qc/9302012) 

[42] N. A. Chernikov and E. A. Tagirov, "Quantum theory of scalar fields in de Sitter 
space-time", Ann. Instit. Henri Poincare 9A, 109 (1968). 

[43] E. A. Tagirov, "Consequences of field quantization in de Sitter type cosmological 
models", Ann. Phys. (N.Y.) 76, 561 (1973). 

[44] R. Bousso, A. Maloney and A. Strominger, "Conformal Vacua and Entropy in de 
Sitter Space", Phys. Rev. D 65, 104039 (2002). (arXiv:hep-th/0112218) 

[45] G. W. Gibbons and D. L. Wiltshire, "Space-time as a membrane in higher dimen- 
sions", Nucl. Phys. B287, 717 (1987). (arXiv:hep-th/0109093) 

[46] J. P. S. Lemos, "Two-dimensional black holes and planar general relativity". Class. 
Quantum Crav. 12, 1081 (1995). (arXiv:gr-qc/9407024) 

[47] J. P. S. Lemos, "Cylindrical black hole in general relativity", Phys. Lett. B353, 46 
(1995). (arXiv:gr-qc/940404l) 

[48] J. P. S. Lemos and V. T. Zanchin, "Rotating charged black string and three- 
dimensional black holes", Phys. Rev. D 54, 3840 (1996). (arXiv:hep-th/9511188) 

[49] D. Birmingham, "Topological black holes in anti-de Sitter space". Class. Quantum 
Crav. 16, 1197 (1999). (arXiv:hep-th/9808032) 

[50] G. T. Horowitz and D. Marolf, "A new approach to string cosmology" , JHEP 9807, 
014 (1998). (arXiv:hep-th/9805207) 

[51] A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcen- 
dental Functions, Vol. 2 (Bateman Manuscript project, McGraw-Hill, New York, 
1953). 

[52] N. Ja. Vilenkin and A. V. Klimyk, Representation of Lie Croups and Special Func- 
tions., Vol. 2 (Kluwer Academic Publishers, 1993). 

[53] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products, 4th 
edition (Academic, New York, 1980). 

30 



[54] R. Laflamme, "Euclidean Vacuum: Justification from quantum cosmology", Phys. 
Lett. B198, 156 (1987). 

[55] W. Magnus, F. Oberhettinger, and R. P. Soni, Formulas and Theorems for the 
Special Functions of Mathematical Physics., 3rd ed. (Springer, Berlin, 1966). 

[56] G. W. Gibbons and S. W. Hawking, "Gosmological event horizons, thermodynam- 
ics, and particle creation", Phys. Rev. D 15, 2738 (1977). 

[57] S. Takagi, "Vacuum Noise and Stress Induced by Uniform Acceleration", Prog. 
Theor. Phys. Suppl. 88, 1 (1986). 

[58] B. Allen, "Vacuum states in de Sitter space", Phys. Rev. D 32, 3136 (1985). 

[59] N. D. Birrell and P. C. W. Davies, Quantum fields in curved space (Gambridge 
University Press, Gambridge, England, 1982). 

[60] A. Ashtekar and M. Varadarajan, "A striking property of the gravitational Hamil- 
tonian", Phys. Rev. D 50, 4944 (1994). (arXiv:gr-qc/9406040) 

[61] S. Lang, Elliptic functions , 2nd ed. (Springer, New York, 1987). 

[62] J. Louko and D. Marolf, "Inextendible Schwarzschild black hole with a single ex- 
terior: How thermal is the Hawking radiation?" Phys. Rev. D 58, 024007 (1998). 
(arXiv : gr-qc/9802068) 

[63] P. Langlois, "Hawking radiation for Dirac spinors on the MP^ geon". 
(arXiv : gr-qc/0403011) 

[64] J. Louko and K. Schleich, "The exponential law: Monopole detectors, Bogolubov 
transformations, and the thermal nature of the Euclidean vacuum in MP de Sitter 
spacetime". Class. Quantum Grav. 16, 2005 (1999). (arXiv:gr-qc/9812056) 

[65] P. T. Ghrusciel and G. Nagy, "The Hamiltonian mass of asymptotically anti-de Sit- 
ter space-times" , Class. Quantum Crav. 18, L61 (2001). (arXiv:hep-th/0011270) 

[66] P. T. Ghrusciel and G. Nagy, "The mass of spacelike hypersurfaces in asymp- 
totically anti-de Sitter space-times". Adv. Theor. Math. Phys. 5, 697 (2002). 
(arXiv : gr-qc/0110014) 

[67] J. Louko, R. B. Mann and D. Marolf, in preparation. 

[68] V. Balasubramanian and P. Kraus, "A stress tensor for anti-de Sitter gravity", 
Commun. Math. Phys. 208, 413 (1999). (arXiv:hep-th/990212l) 

[69] P. Kraus, F. Larsen and R. Siebelink, "The gravitational action in 
asymptotically AdS and fiat space-times", Nucl. Phys. B563, 259 (1999). 
(arXiv:hep-th/9906127) 

31 



[70] S. de Haro, S. N. Solodukhin and K. Skenderis, "Holographic reconstruction of 
spacetime and renormalisation in the AdS/CFT correspondence" , Commun. Math. 
Phys. 217, 595 (2001). (arXiv:hep-th/0002230) 

[71] R.-G. Cai, "Constant curvature black hole and dual field theory" , Phys. Lett. B544, 
176 (2002). (arXiv:hep-th/0206223) 

[72] M. H. Dehghani and A. Khoddam-Mohammadi, "Thermodynamics of a d- 
dimensional charged rotating black brane and the AdS/CFT correspondence", 
Phys. Rev. D 67, 084006 (2003). (arXiv:hep-th/0212126) 

[73] G. T. Horowitz and R. C. Myers, "The AdS/CFT correspondence and a new pos- 
itive energy conjecture for general relativity", Phys. Rev. D 59, 026005 (1999). 
(arXiv : hep-th/9808079) 

[74] S. Surya, K. Schleich and D. M. Witt, "Phase transitions for flat AdS black holes", 
Phys. Rev. Lett. 86, 5231 (2001). (arXiv:hep-th/020500l) 

[75] D. N. Page, "Phase transitions for gauge theories on tori from the AdS/CFT cor- 
respondence". (arXiv:hep-th/020500l) 

[76] J. B. Hartle and D. M. Witt, "Gravitational theta-states and the wave function of 
the universe", Phys. Rev. D 37, 2833 (1988). 

[77] J. Louko and P. J. Ruback, "Spatially flat quantum cosmology". Class. Quantum 
Grav. 8, 91 (1991). 

[78] D. Giulini and J. Louko, "No-boundary theta-sectors in spatially flat quantum 
cosmology", Phys. Rev. D 46, 4355 (1992). (arXiv:hep-th/9203007) 

[79] S. Nojiri and S. D. Odintsov, "Universal features of the holographic duality: Con- 
formal anomaly and brane gravity trapping from 5d AdS black hole" , Int. J. Mod. 
Phys. A 18, 2001 (2003). (arXiv:hep-th/0211023) 

[80] P. Hasenfratz and H. Leutwyler, "Goldstone boson related flnite size effects in 
fleld theory and critical phenomena with O(A^) symmetry", Nucl. Phys. B343, 241 
(1990). 

[81] L. S. Brown and G. J. Maclay, "Vacuum stress between conducting plates: an image 
solution", Phys. Rev. 184, 1272 (1969). 

[82] T. Klosch and T. Strobl, "Classical and quantum gravity in 1-|-1 dimen- 
sions. II: The universal coverings". Class. Quantum Crav. 13, 2395 (1996). 
(arXiv : gr-qc/9511081) 



32 



